
A More basics of quantum computing618

This section provides more details about quantum computing and reviews the classical shadow619

algorithms for quantum properties estimation (QPE), along with their associated sample complexity.620

Basics of quantum computation. The elementary unit of quantum computation is the qubit (or621

quantum bit), which is the quantum mechanical analog of a classical bit. A qubit is a two-level622

quantum-mechanical system described by a unit vector in the Hilbert space C2. In Dirac notation,623

a qubit state is defined as |�i = c0 |0i+ c1 |1i 2 C2 where |0i = [1, 0]> and |1i = [0, 1]T specify624

two unit bases and the coefficients c0, c1 2 C yield |c0|2 + |c1|2 = 1. Similarly, the quantum state625

of n qubits is defined as a unit vector in C2n , i.e., | i =
P2n

j=1 cj |eji, where |eji 2 R2n is the626

computational basis whose j-th entry is 1 and other entries are 0, and
P2n

j=1 |cj |
2 = 1 with cj 2 C.627

Besides Dirac notation, the density matrix can be used to describe more general qubit states. For628

example, the density matrix of the state | i is ⇢ = | i h | 2 C2n⇥2n , where h | = | i† refers629

to the complex conjugate transpose of | i. For a set of qubit states {pj , | ji}
m
j=1 with pj > 0,630 Pm

j=1 pj = 1, and | ji 2 C2n for j 2 [m], its density matrix is ⇢ =
Pm

j=1 pj⇢j with ⇢j = | ji h j |631

and Tr(⇢) = 1.632

A quantum gate is a unitary operator that can evolve a quantum state ⇢ to another quantum state ⇢0.633

Namely, an n-qubit gate U 2 U(2n) obeys UU† = U†U = I2n , where U(2n) refers to the unitary634

group in dimension 2n. Typical single-qubit quantum gates include the Pauli gates, which can be635

written as Pauli matrices:636

X =


0 1
1 0

�
, Y =


0 �i
i 0

�
, Z =


1 0
0 �1

�
. (11)

The more general quantum gates are their corresponding rotation gates RX(✓) = e�i ✓
2X , RY (✓) =637

e�i ✓
2Y , and RZ(✓) = e�i ✓

2Z with a tunable parameter ✓, which can be written in the matrix form as638

RX(✓) =


cos ✓

2 �i sin ✓
2

�i sin ✓
2 cos ✓

2

�
, RY (✓) =


cos ✓

2 � sin ✓
2

sin ✓
2 cos ✓

2

�
, RZ(✓) =


e�i ✓

2 0
0 ei

✓
2

�
.

(12)
They are equivalent to rotating a tunable angle ✓ around x, y, and z axes of the Bloch sphere, and639

recovering the Pauli gates X , Y , and Z when ✓ = ⇡. Moreover, a multi-qubit gate can be either an640

individual gate (e.g., CNOT gate) or a tensor product of multiple single-qubit gates.641

The quantum measurement refers to the procedure of extracting classical information from the642

quantum state. It is mathematically specified by a Hermitian matrix H called the observable.643

Applying the observable H to the quantum state | i yields a random variable whose expectation644

value is h |H | i.645

Hamiltonian and ground state. In quantum computation, a Hamiltonian is a Hermitian matrix that646

is used to characterize the evolution of a quantum system or as an observable to extract the classical647

information from the quantum system. Specifically, under the Schrödinger equation, a quantum gate648

has the mathematical form of U = e�itH , where H is a Hermitian matrix, called the Hamiltonian649

of the quantum system, and t refers to the evolution time of the Hamiltonian. Typical single-qubit650

Hamiltonians include the Pauli matrices defined in Eqn. (11). As a result, the evolution time t refers to651

the tunable parameter ✓ in Eqn. (12). Any single-qubit Hamiltonian can be decomposed as the linear652

combination of Pauli matrices, i.e., H = a1I + a2X + a3Y + a4Z with aj 2 C. In the same way, a653

multi-qubit Hamiltonian is denoted by H =
P4n

j=1 ajPj , where Pj 2 {I,X, Y, Z}
⌦n is the tensor654

product of Pauli matrices. In quantum chemistry and quantum many-body physics, the Hermitian655

matrix that describes the quantum system to be solved is denoted as the problem Hamiltonian HC .656

When taking the problem Hamiltonian as the observable, the quantum state | ⇤
i is said to be the657

ground state of problem Hamiltonian H if the expectation value h ⇤
|H | ⇤

i takes the minimum658

eigenvalue of H , which is called the ground energy. The ground states encode much essential659

information about the problem Hamiltonian, such as the critical behavior of quantum many-body660

systems, or the optimal solution of an optimization problem related to the problem Hamiltonian.661

Numerous classical and quantum algorithms have been developed to efficiently obtain the ground662

states of problem Hamiltonians. These algorithms leverage various techniques, including variational663
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methods, quantum annealing, and the application of tensor networks, to approximate or directly664

compute the ground state. In particular, quantum algorithms such as the variational quantum665

eigensolver [77], quantum approximate optimization algorithm [78, 79], and the adiabatic quantum666

algorithm [80] show promising results for solving combinatorial optimization problems by preparing667

and measuring the ground state of problem Hamiltonians. The efficiency and feasibility of these668

methods continue to be the subject of extensive research, particularly in the context of near-term669

quantum devices.670

Classical shadow for QPE. We review the classical shadow algorithm [13] and the sample complexity671

for estimating the linear and nonlinear properties of quantum states. Given a unitary operator U672

sampled from a unitary ensemble U , and the subsequent measurement outcome b under computational673

measurement, the classical shadow of the N -qubit quantum state ⇢ from m snapshots refers to674

⇢̂ =
1

m

mX

j=1

NO

i=1

(3U (i)†
j |b(i)j i hb(i)j |U (i)

j � I2), (13)

where random unitaries U (i)
j are sampled from the Pauli ensembles U = {I2, X, Y, Z}

⌦n
\I⌦n

2 . It has675

been shown that the sample complexity for estimating the expectation of observables O to ✏-precision676

is O(4locality(O)
kOk

2
1/✏2), with locality(O) representing the number of non-identity operators acting677

on the qubits. For two-point correlation, the observable refers to O = �x
i �

x
j acting on the i-th and678

j-th qubits with locality(O) = 2, leading to the sample complexity O(16/✏2) for QPE.679

The classical shadow could also be used to estimate the entanglement entropy of the quantum state ⇢680

on the subsystem A, which is given by681

ŜA(⇢) = � log2 P̂(⇢A), with P̂(⇢) =
1

m(m� 1)

X

j 6=j0

Tr(⇢̂(j)A )⇢̂(j
0)

A ), (14)

where P̂(⇢A) refers to the purity estimation of Tr(⇢2A), ⇢̂
(j)
A =

NN
i2A(3U

(i)†
j |b(i)j i hb(i)j |U (i)

j � I2)682

refers to the local classical shadow on subsystems A obtained from the j-th snapshot. It has been683

shown that the statistical error associated with P̂(⇢A) is quantified by its variance, which can be684

bounded as follows [81, 82],685

Var(P̂(⇢A))  4

 
2|A|

P̂(⇢A)

m

!
+ 2

✓
22|A|

m� 1

◆2

, (15)

where |A| denotes the number of qubits in A. This bound is known to be essentially optimal686

[81]. It implies that estimating the entanglement entropy requires an exponentially large number of687

measurements as the size of subsystem A increases.688

B Related work689

In this section, we present a concise review of the literature on quantum property estimation (QPE),690

categorizing the approaches into three primary paradigms: conventional algorithms, machine learning691

(ML) algorithms, and deep learning (DL) algorithms. Our discussion emphasizes that the proposed692

AiDE-Q framework can be seamlessly integrated with various ML and DL algorithms.693

Conventional algorithms for QPE. Conventional algorithms primarily focus on estimating the694

quantum properties of individual quantum states. A wide range of methods have been proposed,695

spanning classical simulation algorithms, quantum algorithms, and quantum state learning (QSL)696

algorithms [83].697

Classical simulation algorithms achieve QPE entirely on classical computers, often utilizing tensor698

network techniques to simulate the whole quantum state [7–11], or employing Pauli-path simulation699

methods to estimate properties of quantum circuit generated states [84–88]. However, these classical700

simulation algorithms are typically limited to specific types of quantum states, such as low-entangled701

or low-magic states. Quantum algorithms for QPE involve the implementation of well-designed702

quantum circuits to evolve quantum states and extract the desired properties. Despite their potential,703

these quantum algorithms often require substantial quantum resources to construct the circuits, which704

can hinder their practical application, especially in the early stages of quantum computing [89, 90].705
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Quantum state learning (QSL) algorithms for QPE operate by performing multiple measurements on706

a quantum state and post-processing the measurement results to estimate the quantum properties of707

interest [13, 20, 16, 81, 82]. Among these, the classical shadow algorithm has emerged as one of the708

most popular and efficient approaches, offering rigorous theoretical guarantees [13]. By using the709

measurement outputs from random measurement operators, this algorithm can simultaneously esti-710

mate multiple properties of quantum states, making it one of the most resource-efficient conventional711

algorithms for QPE.712

ML algorithms for QPE. Unlike conventional algorithms that focus on QPE of individual states,713

machine learning algorithms address the QPE problem for classes of quantum states originating714

from the same quantum many-body systems with varying physical parameters. Notably, Huang et al.715

[91] proposed a kernel-based learning model that efficiently predicts linear properties of quantum716

many-body states with rigorous theoretical guarantees. This method eliminates the need for quantum717

devices during the prediction phase. Furthermore, Lewis et al. [36] introduced a Lasso regression718

model for N -qubit gapped local Hamiltonians that improves sample complexity from polynomial719

scaling N c (where c is a constant) achieved in Ref. [91] to logarithmic scaling log(N).720

DL algorithms for QPE. Deep learning algorithms provide enhanced capability for recognizing721

complex patterns in classical data collected from quantum many-body systems, enabling predictions722

of complex properties such as entanglement entropy with improved accuracy. Current DL algorithms723

can be categorized into three primary learning paradigms: supervised learning (SL), semi-supervised724

learning (SSL), and self-supervised learning with fine-tuning (SSL-FT).725

The supervised learning paradigm explores various neural architectures for effectively constructing726

classical representations of the quantum states, including restricted Boltzmann machines [26, 28, 92],727

multi-layer perceptions [39, 40, 47], convolutional neural networks [29, 42, 46], and attention-based728

neural networks [35, 41, 48, 49]. The parameterized neural network for state restriction is optimized729

to approximate the target values of quantum properties in the training dataset under specific loss730

functions, such as mean square loss or cross-entropy loss.731

The SSL and SSL-FT paradigms address the challenge of limited labeled data, allowing training with732

datasets comprising both labeled and unlabeled data. Tang et al. proposed a teacher-student model733

for semi-supervised training [50] and a large language model-style quantum task-agnostic pretraining734

and fine-tuning paradigm [51]. Both paradigms incorporate SL approaches for the labeled dataset,735

but differ in their sequence: SSL applies supervised learning before training with unlabeled data,736

whereas SSL-FT employs supervised fine-tuning after the self-supervised pretraining stage, which737

will be detailed in Appendix C.738

C Implementation details of various learning paradigms for QPE739

In this section, we present the implementation details of the three learning paradigms employed740

in the experiments: supervised learning (SL), semi-supervised learning (SSL), and self-supervised741

learning with fine-tuning (SSL-FT). All paradigms share a common neural network architecture742

comprising three main components: the input (encoding) layer, the hidden layer, and the output layer.743

To ensure a fair comparison of model performance, we adopt an identical architecture for the input744

and hidden layers across all learning paradigms, while the output layer is customized to suit the745

specific requirements of each paradigm.746

C.1 Input layer and hidden layer747

We follow the attention-based neural architecture proposed in Ref. [51] to design the input and hidden748

layers for representing quantum states.749

Input layer. To capture the hidden patterns of the quantum system, the input layer incorporates three750

types of embeddings: token embeddings, condition embeddings, and position embeddings.751

Each measurement outcome oj 2 {0, 1} under the corresponding Pauli measurement Mj 2752

{X,Y, Z} on the j-th qubit yields six possible combinations: (X, 0), (X, 1), (Y, 0), (Y, 1), (Z, 0),753

and (Z, 1). These pairs can be bijectively mapped to integers � 2 [6]. Consequently, the mea-754

surement outcomes (M ,o) can be represented as a tokenized measurement string �(M ,o), where755

each element �(Mi,oi) 2 [6] resembles a token in natural language processing (NLP). The token756

18



embedding layer applies a linear transformation to the measurement string, augmented with a start757

token s, producing a feature tensor Et 2 RBt⇥(N+1)⇥d, where Bt denotes the batch size and d is758

the feature dimension. A feed-forward network (FFN) with one hidden layer is then used to embed759

the physical condition p into a vector Ec 2 RBt⇥d. The final input embedding is computed as the760

element-wise sum761

Eout = Et +Ec +Ep,
where Ep denotes the position embeddings, as described in Ref. [93]. The resulting tensor Eout is762

passed to the hidden layers for further processing.763

Hidden Layer. The hidden layer consists of a multi-layer Transformer decoder, following the764

architecture of Ref. [93]. It takes Eout as input and produces output F 2 RBt⇥(N+1)⇥d, which765

encodes high-level representations of both the measurement strings and the conditional physical766

parameters. For additional architectural details, refer to Ref. [51].767

C.2 Output Layer and loss function768

We now separately describe the neural architectures of the output layer and the associated loss769

functions under the explored three learning paradigms. Specifically, the design of the output layer is770

tailored to accommodate the specific loss function used in each paradigm.771

SL paradigms. Recall that in the SL paradigm, the training dataset for a batch is given by SSL =772

{(x(i),y(i))}Bt
i=1, where each input x(i) = (p(i),M (i),o(i)) is derived from quantum states ⇢(p(i))773

with different parameters p(i), and y(i)
2 RK represents the target label vector of dimension K. The774

loss function for a training batch is defined as775

LSL =
1

Bt

BtX

i=1

���fSL(x(i))� y(i)
���
2
. (16)

To support this loss function, the output of the neural network for each input x(i) must be a K-776

dimensional vector. Accordingly, the output layer consists of a feature aggregation module followed777

by a linear projection. Specifically, hidden features F 2 RBt⇥(N+1)⇥d are aggregated along the778

second axis to produce a feature representation F 0
2 RBt⇥d for each training example. This is779

followed by a linear projection into F 00
2 RBt⇥K , with an optional task-specific activation function.780

For instance, a tanh activation is used when predicting correlation functions.781

SSL paradigms. In the SSL setting, the training dataset includes both labeled and unlabeled data,782

denoted by SSSL = {(x(i),y(i))}nl
i=1 [ {x(i)

}
n
i=nl+1, where nl is the number of labeled samples. A783

teacher-student framework [70] is adopted, consisting of a student model fSSL and a teacher model784

f 0
SSL, both sharing the same architecture. The loss function for the student model in a given batch785

yields786

LSSL =
1

Bl

BlX

i=1

���fSSL(x(i))� y(i)
���
2
+

�

Bt �Bl

BtX

i=Bl+1

���fSSL(x(i))� f 0
SSL(x

(i))
���
2
, (17)

where � refers to the consistency weight, Bl is the number of labeled samples in the batch, and787

Bt is the total batch size. The proportion of labeled samples per batch is kept consistent with their788

proportion in the overall training dataset, i.e., Bl/Bt = nl/n. The teacher model’s parameters are789

updated as an exponential moving average of the student model’s parameters, following the approach790

in Ref. [70].791

Since the outputs of the DL models in the SSL paradigm play the same role of K-dimensional792

predicted labels as that in the SL paradigm, the architectures of the teacher and student networks are793

designed identically to the ones used in the SL setting.794

SSL-FT paradigms. The SSL-FT paradigm adopts a two-stage training procedure. In the first stage,795

a self-supervised pretraining is performed using the unlabeled dataset {x = (p,M ,o)}, where the796

goal is to model the classical probability distribution P(�(M1,o1), · · · ,�(MN ,oN )) associated797

with a quantum state ⇢(p) with fixed parameters p. This is achieved by minimizing the average798

negative log-likelihood loss799

LSF =
1

Bt �Bl

Bt�BlX

i=1

� logP
⇣
�(M (i)

1 ,o(i)
1 ), · · · ,�(M (i)

N ,o(i)
N ) | p(i)

⌘
, (18)
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which corresponds to maximizing the conditional likelihood of observed measurement outcomes.800

To produce valid probability distributions, the output layer consists of a linear transformation followed801

by a softmax activation, ensuring normalization802
X

(M1,o1)

· · ·

X

(MN ,oN )

P(�(M1,o1), · · · ,�(MN ,oN )) = 1.

In the second stage, the pretrained model is fine-tuned on the labeled dataset {(x,y)} using the same803

supervised loss and output layer design as in the SL paradigm, namely804

LFT =
1

Bt

BtX

i=1

���fSF(x(i))� y(i)
���
2
, (19)

where the initial parameters of the input and hidden layers of fSF inherit the optimized parameters805

during the pretraining stage.806

D Integration of AiDE-Q with machine learning models807

In this section, we briefly review the machine learning (ML) models for QPE [36, 91], and relate808

them to the supervised learning (ML) paradigm. In this regard, the integration of ML models with809

AIDE-Q could follow the same manner as that in the SL paradigm introduced in the main text.810

We follow the conventions of Ref. [91] to introduce the ML model for QPE. In particular, the811

ML model considers the training dataset {(p(i), ⇢̂(p(i)))}ni=1, where p(i) are the sampled physical812

parameters, and ⇢̂(p(i)) refer to the classical shadow constructed with (M ,o), as defined in Eq. 13.813

The classical ML models are trained on the size-n training data, such that when given the input814

p(i), the ML model can produce a classical representation h(p(i)) that approximates ⇢̂(p(i)). During815

prediction, the classical ML produces h(p) for new values of p different from those in the training816

data. In particular, the predicted output of the trained classical ML models can be written as the817

extrapolation of the training data using a learned kernel (p,p(i)) 2 R,818

h(p) =
1

n

nX

i=1

(p,p(i))⇢̂(p(i)). (20)

The ground state properties are then estimated using these predicted classical representations h(p).819

Specifically, fML(⇢) = tr(Oh(p)) can be predicted efficiently whenever O is a sum of few-body820

operators. In this regard, the trained classical ML for specific properties ŷ(i) = tr(O⇢̂(p(i))) could821

be written as822

fML(p) =
1

n

nX

i=1

(p,p(i))ŷ(i). (21)

Notably, the kernel function could be represented as the inner product of two feature vectors �(p)823

and �(p(i)) according to Mercer’s theorem [94]. In this regard, the learning model fML(p) relates to824

the optimal solution of the following supervised learning problem825

fML(p) = argmin
f(p)=!·�(p)

LML(!) := argmin
f(p)=!·�(p)

1

n

nX

i=1

⇣
f(p(i))� ŷ(i)

⌘2
, (22)

where ! refers to the optimized parameters. For neural tangent kernel (p,p(i)) [37], the feature826

vector �(p) corresponds to the output of a deep neural network with large hidden layers [95].827

To summarize, the ML models used in QPE naturally fit within the supervised learning paradigm828

described in Appendix C. Consequently, integrating these ML models with AIDE-Q can proceed in829

the same manner as outlined for the SL paradigm in the main text.830

E Experimental setting and more experimental results831

E.1 Experimental setting832

Hardware platform. All the generation of training datasets are implemented by PastaQ [96] and833

ITensors [97] in the Julia language and run on classical device with Intel(R) Xeon(R) Gold 6226R834
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𝑚𝑢 = 26 𝑚𝑢 = 27 𝑚𝑢 = 28

R2

𝑡 𝑡 𝑡

Figure 5: R2 in entanglement entropy prediction for the 50-qubit Heisenberg XXZ model without using
the physical parameters for constructing the training dataset. The panels from left to right correspond to the
prediction performance for the number of measurements mu 2 {26, 27, 28}.

CPU @ 2.90GHz and 256 GB memory. All deep learning models in various learning paradigms are835

implemented by Pytorch [98] and are trained on a single NVIDIA GeForce RTX 3090 with 24G836

graphics memory.837

Hyperparameter setting. The deep learning (DL) models use the attention-based neural architectures838

described in Appendix C. The embedding dimension is set to d = 128, the number of attention839

heads is set to 4, and the number of hidden layers is set to L = 2. We optimize the DL model840

using the ADAM optimizer with a learning rate of l = 10�3 and a batch size of Bt = 64. The841

maximum number of training epochs is set to 300. To mitigate overfitting, we employ an early842

stopping strategy. During the initial training stage, early stopping is applied after 100 epochs. In the843

subsequent training stage, with the updated high-quality dataset, early stopping is initiated after 30844

epochs. Each configuration is run 5 times to report the average prediction performance.845

E.2 More experimental results for the Heisenberg XXZ model846

In this section, we examine the prediction performance of the deep learning (DL) model trained on a847

dataset that does not include physical parameters as input. Specifically, instead of using the training848

dataset with inputs x(p(i)) = (p(i),o(i),M (i)) as defined in Eq.(2), we construct the dataset with849

inputs x(i) = (o(i),M (i)), where the physical parameters p(i) are assumed to be unknown during850

the training process. The experimental results for predicting the entanglement entropy of the 50-qubit851

Heisenberg XXZ model are presented in Fig. 5. It is observed that the prediction performance can be852

consistently improved by AiDE-Q when the dataset contains a small ratio of high-quality data. For853

instance, with a large number of measurements (mu = 28) or low-quality data and a small ratio of854

high-quality data (r = 0.3), the coefficient of determination R2 improves from approximately 0.36855

to 0.88. These experimental results demonstrate the effectiveness of AiDE-Q for handling various856

types of training data.857

E.3 More experimental results for the cluster-Ising model858

In this section, we present additional experimental results for the 9-qubit cluster Ising model, following859

the same format as the Heisenberg XXZ model results discussed in the main text. The hyperparameter860

settings used to construct the training dataset are consistent with those described in the main text.861

Supervised learning models integrated with AiDE-Q outperform all reference models. Table 3862

presents the coefficient of determination R2 for predicting entanglement entropy and two-point863

correlations in the 9-qubit cluster Ising model. The results show similar trends to those observed864

for the Heisenberg XXZ model, where the baseline SL model integrated with AiDE-Q achieves865

a significant performance improvement compared to the standalone SL model, outperforming all866

reference learning models across different properties and various ratio settings. Additionally, when the867

ratio of high-quality data is large r = 0.8, the baseline SL model even surpasses the advanced SSL4Q868

and LLM4QPE models in predicting entanglement entropy. This suggests that directly training869

DL models with low-quality data can harm prediction performance, even when using advanced870
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Table 3: R2 in predicting the entanglement entropy SA, two-point correlations Cx
1j and Cz

1j of 9-qubit cluster
Ising model, where A = [j] and j 2 [N � 1]. The number of measurements for low-quality data is set as
mu = 26. The best results are emphasized in blue while the second-best results are distinguished in orange.

Method SA Cx
1j Cz

1j
r = 0.4 r = 0.6 r = 0.8 r = 0.4 r = 0.6 r = 0.8 r = 0.4 r = 0.6 r = 0.8

SL 0.226 0.356 0.51 0.902 0.928 0.938 0.903 0.925 0.958
SSL4Q 0.422 0.448 0.489 0.948 0.932 0.952 0.958 0.964 0.952
LLM4QPE 0.29 0.322 0.436 0.902 0.922 0.949 0.909 0.948 0.954
NTK - - - 0.962 0.966 0.97 0.291 0.31 0.341
CS - - - 0.829 0.829 0.829 0. 0. 0.

SL w. DE 0.563 0.791 0.873 0.956 0.965 0.976 0.965 0.98 0.984

Figure 6: R2 of reference models with and without integrating AiDE-Q in predicting entanglement entropy SA,
two-point correlations Cx

1j and Cz
1j of 9-qubit cluster Ising model, where A = [j] and j 2 [N � 1]. The initial

ratio of high-quality data and the number of measurements for low-quality data is set as r = 0.4 and mu = 26.

learning models. In contrast, the AiDE-Q-enhanced SL model, trained with the identified high-quality871

synthetic labeled data, significantly improves the best R2 value across the reference models from872

0.51 to 0.873. These results emphasize the importance of constructing high-quality synthetic labeled873

data when training DL models for quantum property estimation.874

AiDE-Q enhances the prediction performance of various DL-based models. Fig. 6 presents875

numerical results of predicting quantum properties when integrating AiDE-Q into various learning876

models. The ratio of high-quality data is set to r = 0.4, and the number of measurements for877

low-quality data is mu = 26. The results show that all learning models exhibit an improvement in878

R2 after incorporating AiDE-Q into their baseline models, particularly in predicting the complex879

non-linear properties of entanglement entropy.880

E.4 Experimental results for the chemical molecular model881

We conduct numerical simulations for predicting the properties of chemical molecular models,882

focusing on the H4 molecule with varied inter-atomic length.883

Dataset Generation. The Hamiltonian of a molecular system under Jordan-Wigner transformation is884

given by885

H(p) =
NX

i=1

X

↵2{x,y,z}

c↵i (p)�
↵
i +

NX

i,j=1

X

↵,�2x,y,z

c(↵,�)i,j (p)�↵
i �

�
j , (23)

where �z
i (�x

i ) is the Pauli-Z (Pauli-X) operator acting on the i-th qubit, c↵i (p), c
(↵,�)
i,j (p) refer to the886

Pauli coefficients dependent on the inter-atomic length p. This Hamiltonian could be constructed887

with the Pennylane package [99]. For the H4 molecule, this system is characterized by an 8-qubit888

Hamiltonian H(p). Here, the inter-atomic length p is sampled from the range 0.7Å to 1.3Å. The889

number of sampled inter-atomic lengths is set as n = 1280. Other hyperparameters used to build the890

hybrid dataset in Eq. (5) are set to be the same as those used in quantum many-body systems.891

Experimental results. Table 4 shows the coefficient of determination R2 of entanglement entropy892

prediction for the H4 molecule model. The results demonstrate that integrating AiDE-Q into various893
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Table 4: R2 in predicting the entanglement entropy SA of H4 molecular systems with A = [j] and j 2 [N�1].
The best results are emphasized in blue while the second-best results are distinguished in orange.

Method mu = 26 mu = 27 mu = 28

r = 0.4 r = 0.6 r = 0.8 r = 0.4 r = 0.6 r = 0.8 r = 0.4 r = 0.6 r = 0.8

SL 0.085 0.178 0.178 0.196 0.254 0.275 0.127 0.167 0.225
SSL4Q 0.251 0.109 0.404 0.203 0.224 0.408 0.082 0.165 0.305
LLM4QPE 0.033 0.204 0.238 0.098 0.144 0.205 0.077 0.186 0.243

SL w. DE 0.405 0.619 0.679 0.478 0.638 0.734 0.5 0.632 0.751
SSL4Q w. DE 0.495 0.508 0.709 0.507 0.546 0.704 0.543 0.57 0.694
LLM4QPE w. DE 0.293 0.58 0.618 0.473 0.572 0.638 0.502 0.584 0.64

learning-based models significantly enhances their predictive performance across different ratios of894

high-quality data r 2 {0.4, 0.6, 0.8} and measurement counts mu 2 {26, 27, 28}. In particular, the895

mean R2 values for the SL, SSL4Q, and LLM4QPE models are improved from 0.187, 0.239, 0.158896

to 0.604, 0.586, 0.544, respectively, after integrating AiDE-Q. These results confirm the effectiveness897

of AiDE-Q in enhancing the prediction ability of DL models for a variety of quantum systems.898
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